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The NS spring is comprised of a parallel-bar linkage system with arms of length L at an angle of θ to the x-axis, which is secured to the system through pinned connections (black dots in Figure  1b ) and linked to a horizontal spring k2. The negative stiffness is dependent on θ, and is varied by the k2 spring preload x0. With zero preload, the vertical (y-axis) force-displacement behavior of the NS mechanism is due solely to the elastic deflection of its steel flexures, which act as frictionless pinned connections. As x0 increases, the stiffness decreases and eventually becomes negative.
The k3 spring can be any positive stiffness spring with linear behavior. Adjustment of the k3 preload y0 varies the force offset of the system's vertical force-displacement response. This is useful for supporting varied masses or force offsets at a specific equilibrium vertical displacement level. For simplicity, we model the version with a fixed base (yb=0, y=ym, F=Fm), though once linearized, the transmissibility through the system is the same for the base excitation case. In the vertical direction, the system has a single degree of freedom with the equation of motion
which has the same form as a classical Duffing oscillator, after non-dimensional substitutions: The motion of the actuator at the boundary is captured by the tuning ratio ε, which takes the value of 0 when the system is perfectly tuned to quasi-zero stiffness ( 0  n  ). When 1   , the system simply has the stiffness of the positive spring k3 and we represent the system properties at this point with a subscript 3, i.e. natural frequency ( 3    n ). The stiffness change ratio, or how many times softer the system becomes at small amplitudes, is
Interestingly, the damping ratio  increases at a rate inversely proportional to n  . As the system is critically damped at 1   , this puts an upper limit on the practical stiffness tuning and a minimum on the tuning parameter. In terms of the quality factor of the detuned system, min 3 max
Tuning range is limited by damping at small amplitudes, and by nonlinear cubic hardening at large amplitudes. Existing analytical solutions for the Duffing system (28) can be re-arranged to describe a ''frequency amplification'' factor  which raises the effective natural frequency of the system from  to   at the finite (nondimensional) amplitude A.
In other words, the assumption of linearity, which allows simple translation to the frequency domain, depends not just on the degree of nonlinearity , but on the amplitude of motion A .
When 1   , we can finally treat the system as a familiar spring-mass-damper system
